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On the basis of the Berlin diagram, the region-functional contribution of 
the electron density has been quantitatively examined for the lstr, 2ptr, and 
2pw states of Hel l  2+ system. The binding and antibinding contributions and 
the dynamic behaviours of the electron density during the interaction 
processes are discussed in comparison with the previous results for 
homonuclear H~ system. The effect of coordinate-dependence of the Berlin 
diagram on the regional partitioning has also been studied. 
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1. Introduction 

The Berlin diagram [1] which regionally divides the distribution of the diatomic 
electron density into binding and antibinding parts provides a unique interpre- 
tation for the role of the electron density in chemical bonding from the 
viewpoint of the electrostatic Hellmann-Feynman (H-F) theorem [2-4]. Re- 
cently, a generalization of such region-functional concept of the electron 
density has been also proposed for polyatomic systems (generalized Berlin 
diagram) [5]. These diagrams have been qualitatively but successfully used to 
interpret the dynamic behaviour of the electron density in nuclear rearrange- 
ment processes such as molecular geometries, chemical reactions, and long- 
range forces [3-10]. 

In a previous paper [11], we have quantitatively examined the regional con- 
tribution of the electron density for the four low-lying electronic states of H2 + 
system. Using the exact analytical wavefunctions of the system, the electronic 
charge, H-F force, and stabilization energy have been partitioned into the 
binding and antibinding components, and their roles in the attractive/repulsive 
and tr/~r-type interaction processes have been analysed in detail. The center of 
electron density (CED) and the center of force density (CFD) have been also 
used to clarify the dynamic behaviour of the electron density. 

A purpose of the present article is to extend the quantification of the regional 
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concept of Berlin diagram to heteronuclear diatomic systems. We have chosen 
the one-electron system Hel l  2+ for which the exact wavefunctions are known 
[12-14]. Since H2 + and Hel l  2+ are prototypes of homo- and heteronuclear 
diatomies, it may deserve some interest to compare the results of the 
binding/antibinding analyses for these two systems based on the exact 
wavefunctions. It is also a purpose of this study to investigate the effect of the 
coordinate-dependence of the regional partitioning which appears for 
heteronuclear systems. We have examined two different partitionings which 
result from the Berlin diagrams in the GCN (geometric-center-of-the-nuclei) 
and CMN (center-of-mass-of-the-nuclei) coordinates [5]. In the next section, 
the computational method is briefly given and the coordinate-dependence of 
the partitioning is discussed in Sec. 3. Then the binding/antibinding analyses 
are given for the three low-lying lso-, 2po-, and 2p~r states, and the results are 
compared with those of the homonuclear H2 + system. 

2. Computational Method 

The contribution of the electron density to the diatomic interaction is region- 
ally distinguished into the binding and antibinding parts by the Berlin diagram 
(see e.g., Fig. 1) [1, 5]. Then, the electronic charge and the H-F force are 
partitioned into binding and antibinding contributions by the regional integra- 
tions as described in a previous paper [11]. The integration of the partitioned 
forces with respect to the internuclear distance (R) gives the partitioned 
stabilization energies. These energies are characterized by their direct relation- 
ship with the behaviour of electron density (compare with the traditional 
energetic interpretation (see e.g. [15])). 

The CED (center of electron density) and its components have been defined 
similarly to the previous case [11] on the basis of the atomic region proposed 
by Politzer [16]. In order to obtain a single index for the system, we have 
averaged two atomic CED's using the corresponding electronic charges as 
weighting factors. Though the component CED's depend on the Berlin dia- 
gram employed (see later), the total CED is independent of it by the definition. 
The CFD (center of force density) and its components have been analogously 

GCN CMN 
Fig. 1. The Berlin diagrams in the GCN and CMN coordinates. The antibinding regions are shaded 
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calculated, but they have not been given here since the behaviours of the 
CED's  and CFD's have been almost parallel as they were in H2 + system [11]. 

The wavefunctions have been taken from Ref. [12] for 0.5--<R--<5.0a.u. For 
5.0a.u. < R, we have derived them from the eigen-parameters reported in Refs. 
[13, 14]. 

3. Coordinate-Dependence of Regional Partitioning 

Since the expression of the force operator  is coordinate-dependent,  the Berlin 
diagram also depends on the choice of the coordinate system [5]. We here 
examine two regional partitionings using the Berlin diagrams in the GCN and 
CMN coordinates. The former was originally derived by Berlin and there the 
boundary surfaces of the binding and antibinding regions are determined by 
the ratio of the nuclear charges [1]. On the other hand, the latter has been 
introduced to exclude the external translational motion of the system and 
hence the boundary surfaces depend on both the masses and charges [5]. As 
shown in Fig. 1, the two Berlin diagrams for H e l l  2+ system are quite different 
and just the reverse of each other. We note however that the two boundary 
surfaces (Fig. 1) are rather similar in the region near the nuclei, where the 
electron density will be concentrated. 

Using these diagrams, we have examined the partitioning of the force, stabili- 
zation energy, binding charge, and CED for the three states of H e l l  2§ system. 
The results of the calculations are compared in Figs. 2, 5, 7 (force and energy) 
and Figs. 3, 6, 8 (binding charge and CED). In these figures, we see that the 
results of the CMN (solid lines) and GCN (dashed lines) partitionings are 
almost parallel. In a quantitative sense, the differences between the two curves 
are smaller for the force and energy, while they are larger for the binding 
charge and CED in the 7r state. These may be understood from the nature of 
the 7r density which delocalizes away from the molecular axis, since the density 
near the axis and the nuclei contributes more to the force (and then to the 
energy) whereas the whole density distribution equally does to the binding 
charge and the CED. 

The parallelism of the present results obtained from the different partitionings 
is interesting. It seems to suggest that some important aspects of the density 
distribution in molecular systems might be clarified through the present ap- 
proach of the region-functional analyses. In the following section, we shall 
discuss the regional role of the electron density during the three interaction 
processes. 

4. Binding/Antibinding Analyses 

4.1. ls~r State 

Although the 1so- state is the lowest-energy state of the system, no stable 
molecule is formed; the force and energy are respectively repulsive and 
destabilizing throughout the process (Fig. 2). 
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Fig. 2. ls~ State. (a) Partitioning of the H-F force. Negative and positive values correspond to 
attraction and repulsion, respectively. The SA values are :t:0.8/~2.0a.u. (CMN/GCN) for the 
binding and antibinding forces. (b) Partitioning of the stabilization energy. Negative and positive 
values correspond to stabilization and destabilization, respectively. The solid lines mean the CMN 
partitioning, while the dashed lines the GCN one 

In Fig. 2a, the binding force monotonously increases its attraction from the 
separated atom (SA) value. The antibinding force decreases its repulsion for 
R~0 .8a .u .  with the minimum at R =  1.6/1.1a.u. (CMN/GCN). Thus both the 
binding and antibinding changes are cooperative for attraction (Fig. 2a) and 
stabilization (Fig. 2b). The results are similar to those of the lscrg state of t-I2 + 
system, except for the predominance of the binding part in the present energy 
curves. However, the nuclear contribution dominates over the electronic one 
(i.e., the sum of the binding and antibinding contributions), leading to the 
repulsion of the system (total curves in Fig. 2). 

The amount of binding charge (Fig. 3a) shows a monotonous increase as R 
lowers with a peak at R--0.8a.u.  The behaviour again resembles to that found 
in the lso-g state of H2 + system [11]. However, the net increase from the 
non-interacting atomic density is small: it is at most 0.04/0.10e- (CMN/GCN). 
This should be compared with 0.14e- of the stable lso-g state at Re = 2.00a.u. 
[11]. The total CED (Fig. 3b) shifts inwardly corresponding to the increase of 
the binding charge. The maximum shift is 0.05a.u. (at R ~ 1.7a.u.), while it was 
0.32a.u. (at R~-4a.u.) in the lso-g state. The binding and antibinding CED's  
are relatively unchanged for R > 2a.u. 

In Fig. 4a, the density reorganization along the molecular axis is depicted using 
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Fig. 3. ls~r State. (a) Binding charge. The dotted lines show the binding charge obtained from the 
non-interacting atomic density. The SA value is 0.5e-. (b) CED's. Positive value means the inside 
of the nucleus. The SA values are 0.0, 0.375, and -0.375a.u. for the total, binding, and antibinding 
CED's, respectively. The solid lines mean the CMN partitioning, while the dashed lines the GCN 
one 

the  e l e c t r o n  d e n s i t y  (0) a n d  dens i ty  d i f f e rence  (Ao). A t  a la rge  s e p a r a t i o n  
(R >-- 4a .u . ) ,  an  i n w a r d  p o l a r i z a t i o n  of the  l s ( H e )  dens i ty  is o b s e r v e d  a n d  this  

c h a r a c t e r  c o n t i n u e s  u p  to R = l a . u .  I n  s h o r t e r  d i s t ances  (R <--3a.u.), it a lso l eads  
to  the  dens i t y  a c c u m u l a t i o n  in  t h e  i n t e r n u c l e a r  r eg ion .  T h e r e f o r e  the  dens i t y  

r e o r g a n i z a t i o n s  in  the  b i n d i n g  a n d  a n t i b i n d i n g  r e g i o n s  r e su l t  in  a t t r a c t i o n  a n d  
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Fig. 4. Electron density p and density difference Ap (~p--Po) along the internuclear axis. (a) ls~r 
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stabilization (electronic part in Fig. 2). For R-- < 2a.u., however, the electron 
density also flows into the antibinding region behind the H nucleus and it 
works to reduce the attraction of the system. 

These density behaviours are the electron-cloud preceding [7] which promotes 
molecular formation against the nuclear repulsion. However, the present 
preceding is smaller than that of the lscrg state as compared through the net 
binding charge and the shift of the CED. In the present state, appreciable 
preceding occurs only in shorter R range where the nuclear repulsion is very 
large. The small preceding may be due to the initial atomic density, ls(He), 
which is more tightly bound by the nucleus than ls(H). In Fig. 4a, we see that 
the profile of the lso- electron density is very similar to that of the initial 
ls(He) density. The electronic charge transferred from the He- to H-atomic 
region has been calculated to be only 0.06e- even at R = 2a.u. 

4.2. 2po- State 

In Fig. 5, the partitionings of the force and stabilization energy are given for 
the 2po" state which correlates with is(H) in the separated atom limit and with 
2po'(Li) in the united atom limit. The total curves predict a metastable 
molecule with R~=3.9a.u. and AE~0.0312a.u. (=0.849eV). In the force 
curves (Fig. 5a), the origin of this attraction is shown to be the cooperative 
changes of the two components; the increase of the binding force (maximum 
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attraction at --1.8a.u.) and the decrease of the antibinding force (minimum 
repulsion at -4.5a.u.). They are also cooperative for the stabilization of the 
system (Fig. 5b). At R ~- 1.4a.u., the electronic force changes from attractive to 
repulsive. This is attributed to the 2po-(Li) character which removes the charge 
from the binding to the antibinding region (see later). It may be interesting to 
note that in the energy curves (Fig. 5b) the antibinding contribution is larger 
than the binding one for R >  2.2/3.6a.u. (CMN/GCN). This was also found in 
the ground state of H2 + system, and suggests an important role of the 
antibinding part especially in o- states. 

The density origin of this attraction (and stabilization) is the electron-cloud 
preceding [7] which appears as the flow of the electron density from the 
antibinding to the binding region and as the inward shifts of the CED's (Figs. 
4b and 6). In Fig. 6a, the binding charge is shown to increase as R decreases 
with the maximum at R=Re.  The net binding charge is also maximum 
(0.17/0.14e- (CMN/GCN)) at this distance. The same trend has been seen for 
the stable lSO-g and 2p% states of H2 + [11]. The total CED (Fig. 6b) shifts 
inwardly for R>2a.u .  and the preceding of 0.44a.u. is observed even at Re. 
Since there is nodal surface between the nuclei, the electron density (p's in Fig. 
4b) consists of two "atomic densities". Therefore, the shift of the CED will be 
related with the degree of the polarization of these densities, i.e., the mag- 
nitude of the atomic dipole. The inward and outward shifts of the CED (Fig. 6b) 
seem to correspond to the attractive and repulsive electronic force (Fig. 5a), 
respectively. It may also suggest the ionic character of the present attraction, 
since in the ionic OH2+H + reaction, the atomic dipole (AD) force due to the 
inward polarization of the atomic density has been shown to dominate over the 
exchange (EC) force due to the density accumulation in the bond region [18]. 
The components of the CED first show delocalization and contraction of the 
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binding and antibinding densities, respectively, and then the opposite reorgani- 
zations. The later behaviour is again ascribed to the nodal 2po- character. The 
Ap figures (Fig. 4b) show that at a large separation (e.g., R = 5a.u.), decrease of 
the antibinding density behind H and increase of the binding density in the 
central region of the two nuclei are dominant origin of the attraction, while the 
density accumulation in the binding region near the nuclei is in a shorter 
distance (e.g., R -- 3a.u.). The initial predominance of the antibinding part is in 
accordance with the analysis of the stabilization energy as mentioned above. In 
the intermediate stage, the presence of node makes the binding density 
distribute near the nuclei, which may be effective to increase the binding force. 
However, in the later stage, it works to increase the antibinding charge (cf. the 
binding charge in Fig. 6a) and then the repulsive antibinding force as stated 
before. Transferability of the loosely-bound ls(H) density seems important for 
the attraction in this state, when compared with the ls(He) density of the 
repulsive 1so- state. In Fig. 4b, the density transfer from the H atom to the 
binding and He-atomic regions is remarkable even for R = 5a.u. The transfer- 
red charge amounts to 0.08e- (at 5a.u.) and 0.10e- (at Re). 

4.3. 2pTr State 

The total force and stabilization energy curves (Fig. 7) show no stable bond in 
this state. Except for the total and nuclear curves, the over-all behaviours of the 
component forces and energies are similar to those of the attractive 2p% state 
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of H2 + system [11]: the binding and antibinding parts are cooperative for the 
attraction and the former contributes dominantly. Then the repulsive total 
force is ascribed to the smaller density preceding and the larger nuclear 
repulsion as has been in the lso- state. 

Corresponding to the attractive electronic part, the density reorganizations 
given in Fig. 8 show a pattern of the electron-cloud preceding; the increase of 
the binding charge and the inward shifts of the CED's. However,  the delocali- 
zation of the present ~ density is smaller than that of H2 + system. The 
maximum value of the net binding charge is 0.06/0.13e- (CMN/GCN) in this 
state, while it is 0.18e- in the 2pw, state. Similarly, the maximum shift 
(0.28a.u.) of the total CED should be compared with that (1.3a.u.) of the 2 p %  
[11]. 

The present results for H e l l  a+ system suggest the following: If the electron 
relevant to the bond formation belongs initially to heavier atom in a few- 
electron cationic system, atoms with very different nuclear charges are unlike 
to form stable molecule, since the electron density remains tightly bound by  the 
heavier nucleus, resulting a small increase of the binding charge. This is 
consistent with the fact that the lso- states of the one-electron heteronuclear 
diatomics are unstable. (The energies at many internuclear distances were 
reported in Ref. [13] for HeH2+-OH8+. )  For neutral systems, the electron 
density around the lighter nucleus will also suffer little effect if the heavier 
nucleus is almost completely shielded by its own electrons. From the region- 
functional viewpoint of the electron density, it is said that in stable molecules 
there should be some definite increase of the binding charge (and the resultant 
binding force) in order to counterbalance not only the antibinding contribution 
but also the nuclear repulsion. Within the orbital theory, this seems to give a 
clue for the "density interpretat ion" of the well-known result of the orbital 
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in t e rac t ion  t h e o r y  (see e.g.,  [17]) tha t  the  l a rge r  the  ene rgy  d i f ference  of  
orb i ta l s ,  the  sma l l e r  the  mix ing  of the  orb i ta l s .  I n d e e d ,  the  lso- s ta te  in H e l l  2§ 
seems  r a t h e r  ind i f fe ren t  to  the  b o n d i n g  l ike  the  inner  shells (core orbi ta ls )  in 
m a n y - e l e c t r o n  molecu les .  

5. Summary 

In this  s tudy,  we have  quan t i t a t ive ly  e x a m i n e d  the  r eg iona l  con t r i bu t ion  of 
e l ec t ron  dens i ty  for  the  h e t e r o n u c l e a r  H e l l  2+ sys tem.  T h e  effect of  the  
c o o r d i n a t e - d e p e n d e n c e  of the  Ber l in  d i a g r a m  has  b e e n  shown to be  small .  T h e  
resul ts  of the  two d i f ferent  ( C M N  and  G C N )  r eg iona l  pa r t i t i on ings  have  b e e n  
a lmos t  para l le l .  

F o r  all the  1so-, 2po-, and  2pTr s ta tes ,  e l e c t r o n - c l o u d  p r e c e d i n g  which acce le r -  
ates  the  b o n d  f o r m a t i o n  has  b e e n  obse rved .  I t  has  a p p e a r e d  as the  inc rease  of 
the  b ind ing  charge  and  the  i nward  shift  of the  C E D .  H o w e v e r ,  s tab le  b o n d  is 
f o u n d  on ly  in the  2po- s ta te .  W h e t h e r  the  e l ec t ron  dens i ty  r e l evan t  to  the  b o n d  
f o r m a t i o n  is t ight ly  o r  loose ly  b o u n d  by  nucleus  seems  to be  the  or ig in  of this 
d i f ference .  T h e  repu l s ive  lso- and  2pTr s ta tes  co r r e l a t e  wi th  l s ( H e )  and 
2pTr(He),  r espec t ive ly ,  whi le  the  a t t r ac t ive  2po- s ta te  wi th  l s ( H )  in the  s epa -  
r a t e d  a t o m  l imit .  T h e  l a rge r  nuc lea r  charge  in t e r rup t s  the  dens i ty  flow f rom the  
an t ib ind ing  to the  b ind ing  reg ion  resu l t ing  a smal le r  dens i ty  p r eced ing  and  
hence  a sma l l e r  a t t r ac t ion .  This  has  b e e n  d iscussed  in some  de ta i l  by  c o m p a r i n g  
the  dens i ty  r eo rgan i za t i ons  in the  a t t r ac t ive  and  repu l s ive  s ta tes  of H e l l  2+ and  

H2 + sys tems.  
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